MASSACHUSETTS INSTITUTE OF TECHNOLOGY

DEPARTMENT OF ECONOMICS CAMBRIDGE, MASSACHUSETTS 02139-4307
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Dr. Peter Wakker

Medical Decision Making Unit
University of Leiden (AZL, #43)
P.O. Box 9600

Leiden 2300 RC

The Netherlands

Dear Peter Wakker:

The 1941 text in the Harvard records is exactly the same as the 1947 text. To
illustrate the point I have photocopied representative pages: you will notice that
Equations (1)-(33) of Foundations, pp. 174-181, are precisely (1)-(33) on pages
151-157 of the November, 1940 Harvard Ph.D. submission. The footnotes and
text wordings also agree. [At some later chapters the two texts do differ more.]

While working during World War II at the Radiation Laboratory (as a
mathematician designing anti-aircraft servo systems) I must have added the useful
last paragraph of page 179 with its insightful equation (34)--which I believe I
arrived at ¢.1937. From then on the texts pretty much agree. (A Harvard
professor of famous stupidity held up publication for some years through sheer
inadvertence or Freudian resistance.)

Sincerely,

Paul A. Samuelson
PAS/jmm

P.S. The reference to Milton Friedman’s maiden paper aroused memories.
Keynes refused it because Pigou correctly asserted that M.F. wrongly criticized
him. For years I thought it ought to have been published if more guardedly
written; but I had quite forgotten my validation of Pigou’s defense!
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PREFACE

The bulk of the present marmuseript was coneeived and written
in 1957, but the pressurs of other interests delayed my tringing
1% into final form, It consists emtirely of hitherte unpublished
material, although in one of the chapters I lean hesvily upon some
of my publications in various academic journnh; Fortunately,
the passage of time hes dealt kindly with the analysis eontained
here, and where it abuts upon th; toplics treated in Professor Hioks®
long aweited treatise, the similarity in point of view has been
reassuring,

My yﬁfm debt is to Marion Crawford Sexmelson whose suggestions
and corrections hsve been all too many. The result has been a
vast methematieal, economie, and stylistie improvement, and no
perfunctory acknowledgment can bear adequate witness to her contribution.
My thenks for prolonged stimulation ever many years must go out e
Professors Schumpeter, Leentief, and E, B: Wilson, while each of
a legion of Harverd graduate students has left his mark upon what
f‘oum: Finally, grateful acknowledgment is made Yo the Sociel

Science Research Counegl end te the Sccleby of Fellows of Harverd

University for the opportunities they provided for pursuit of
independent research,

Cambridge, Massachusetts
Hovember, 1940




CHAPTER VI
SPECIAL ASFECTS OP THE THEORY OF CONSUMER'S BEHAVIOR

The last chapter exhausts the content of the utility analysis
in its most gemeral form, involving only an ordinal preference
field, There remains in the literature o grest number of diseussions
of partieular problams whioh involve special and extra assumptions,
In order to present a fairly complete seocount of the present status
of the theory I proposs to exsmine some of these carefully to show
their empirical un:d.ns. Thie involves a break in the unity of

exposition since esch special assumption has often been made
independently of all othu'l: There 18 no eholcs but to go through
the list with no regard for mmmw; Among the topies to be
discussed will be the cardinal measure of utility, independence
of utilitles and measures of complementarity, end constansy of the
marginal ubility of money. Exeluded because of lack of space are
the questions of “integrebility” end the economie thsary of index
numbers,

It is olear that every assumption either places restrictions
upon our empiriecal deta or 1.;&51_-9_: A price must be paid
for any simplifications introdused into our basic hypotheses, |
This price is the limiting of the field of applicability and
relevance df the theory becsuss of the exira empirical restrictimse

te be imposed on the data, hwﬂmsdowtsppmtoho




only two consumption goods are involved,

Given a grest mmber of observatlions on prices, quantities,
and total income, one could in the limit more or less trace oub
the whole indifference map., We should still, however, have seld
nothing about the numbering of the one parsmster family of
indifferense loei so traced out, Both Professors Frisch and Fisgher
employ the following definitlon for selesting out a particuler
utility index to be designated the "true” measure of utility,
subject to origin and scale econstents, Thet utility index, if
1t exists, is to be seleeted which can be writtem in the form

Qe £(x) + ely) 3 (1)
i.,0,, for which

%;%;!0 .« (2)

If there eu:itl:l one index of ubility which oan be writtem in
the form of equetion (1), then any other index which obeys the
same law must differ from it only by a lineer transformation. Far,

consider another index

Pa Q) (8)
for which
ox oy

Suocessively differentiating (3) partially with respect to x eand y,
we gok
3% _wP gy *F U0y o (8)
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This, togebher with (2) requires that

Q. 2, =0 o (8)
or

(@) =0 . ‘ (7)
Thersfore,

Fma+b@ , (8)

where a and b are origin and scale constanta respectively.

It is clear, tharefore, that the assumption that utilitlies
shall be "indépendent” will help to select ome utility index as
the cardinal measure of utiuty: Nevertheless, even this convention
is not in generszl applionblo: It will gusrantee us that we do
aot have two different utility soales, as has been shown in the
above proof; it will mot, in general, provide us with even cne
soale,

If we assume an indifference field obeying the ordinary
concavity restrictions end nothing more, then there will not, in

gmrd,hcmmmuw iﬂumahmbormm in the form
Q"f(3) "'3(1) 8

9)
Oxy =0
Let us write out one legitimate utility index.
H e Bxy) (10)
Does there exist a transformation F suoh that
Qe l‘[K(xJﬂ - t(x) +gly) ? (11)

Thnmingmﬂmtthinthomﬂn. Further arbitrery




restrictions mast first be plased upon the indifference field,

Let the indifference field be defined in the following form,

{ndependent of any ubtility conocepts

-(%)H R = R{x,y) (12)

where R 1s a function of x and y obeying the following curvature
requirements |
By = By R<O . (18)
The necessary end euffieient eondition that there exist a
utility index which ean be written in the form
Q= p(x) + &)
= 0

A=y
is as follewms:

Ry =R Ry 20 | (1)

2% RelG ., | (15)
'_'1%-31

The nesessity is verified by the differentiation of

R(x,y) = _gg_} . (18)
3 ,

The sufficiency is also easily indiocated.

or

)¢ 4

a® log Re O ,
axg

log B = log h(x) = log k(y) = log _E%% . (im)
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where h and k are arbitrary funotions, Form the expression

Rdx + dy = h(x) dx +dy . (18)

This can easily be transformed into the emact differsential

dq = hix) dx * k(y) &v (19)
o R Y
Q-Jjﬂh{x)dxi‘{k(y)w*-com
- f(:) + E(Y) ® (20)

We must now investigate the meaning of the restrioction in
(14); The assumption of independence of utilities in order %o
define 2 cardinal measure of utility is seen %o involve (1) a
convention by means of which one out of an infinity of possible
utility ecales is designated as the true cardinal measure of utility;
(2) an arbitrary & priori restriction upon the preference fleld,
and hense upon empirieal price=quantity behavior, The meaning of
this restriction we mush now investigote,

The funcbional restriction (14) is a partisl differential

equation of the second order of the general form

M(R Ry Ry oBcx o Rry o ByysXey) = O (22)
Subject to boundary conditions involving two arbitrery funotions,
1t will serve to define & unique solution funetion

R = R(x,7) . (22)
More specifically, if we are given as empirieal observational
data the two expenditure paths corresponding to the changes in

quantities with income in esch of two respective price situations,
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then from these observations, and these alone, the whole field

of indifference ocurves can he debermined by suitable utrapolati.cn;

It is not easy to visuelisze intultively why this should be
soj indeed, f'ew economists would be so bold as to olaim that the
behavior of an individual in all coneeivable eireﬁmsﬁanccn should
be derivable from so few obsmationa.; And yet this is the conelusion
to which we are forsed by the apparently innooucus assumption of
independence of utilities,

Moreover, (14) places definite restrietioms on our demand
functions, the velidity of which are equally dubious and equelly
impossible to comprehend intuitively., Fer the simple two commodity
case our oon:;ﬁtionn of demend equilibrium can be written

Pz = R(zy) ,

y (25)
I=pyx *RT .
These may be transformed into
z--(z.z..-.;..) .
y=n .EE:.I..)
B Py |
These demand equations mmst be subject to the restriction
PI -

38 log E 0 : (28)
o7 ;

e




When there are more than twe goods, the restrictions implied
by the very possibility of an independent index of utility teke

a different and more complioated form, If there exists en index P

for which

gz . 143 (26)
then

Fig 2 PU(Q)Psg +T(Q)Q103 =0 (27)
where ( is sny obher index. Thms,

Qag=2(Q) , 143 (28)

@103

where T is an arbitrary function and (P is any indek of utility.
Taking into sccount the (n-l ne2) conditions of integrasbility, this

implies an additional n n-l) conditions, It is to be noted that

these are identities, holding everywhere, Not only ere they necssasary,

mumtrannr?mtion

r{elde

r-f-L ) dv (29)
w

shows them %o be sufficient as wall,
In terms of the indifference varieties these take still

another form, Leb

- _1 - dxi : "3"(&1,.".&) e (w)
Py dxy
These, of course, satisfy the identities
153 « 3t . (Lod6k = Loaoogn) . (31)

1f an independent index of utility is poesible, then we must have
alpdeo . JAe AL (s2)
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In view of the a° relations of (81), the above n(n—l)z relations
are not all independent. At most n(n-2) are independent, and these
may be writtem in the form

awmiso , 4173 . (4=2,..m)
5;3

iR8/ = 0

Oxy

(38)

: (L = 3,...,0)

These conditions are both necessary and mfﬂeim; They
imply emong other things the (ns1)(ne2) integrability eonditions
of equation (14).of the previous elnpbar: On the other hand, if
the latter are postulated at the beginning, then oquations (33)
cease to be all independent and can be reduced 1n number ,

We have then n(n=g) partial differential equations of the
first order, Subject to an equal mmber of srbitrary funetions,
the general solution is wniquely debermined, Bub empirically an
observation of an expenditure path involves (n-1) meam
Hence, observetion of more than Vn-i or more than n expenditure
paths, could be used to disprove the possibility of indopqndm:

samegh Tue B s D. Allen's derivaticn of equation (15)
for the two Mm,!uﬁm.%thlpﬁMumhﬁsy
implications of independence have previocusly been dtrivad.z/
However, fragmentary sets of necessary but Uy no meens suffioient
conditions for independent goods have been derived by Slutsky and

7 z. 6. D, Allem, "A Comparison bebween Differemt Defimiticus
of Complementary end Cempetitive Goods,® Eeonscmetrica, Vel. II (19%4),
PPe 168-176,




